The Angular Tension of Black Holes 
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Angular tension is an ADM charge that contributes a work term to the first law of black hole 
mechanics when the range of an angular coordinate is varied and leads to a new Smarr formula for 
stationary black holes. A phase diagram for singly-spinning D = 5 black holes shows that angular 
tension resolves the degeneracies between spherical black holes and (dipole) black rings and captures 
the physics of the black ring balance condition. Angular tension depends on the behavior of the 
metric at rotational axes and we speculate on its relation to rod/domain structure characterizations 
of higher dimensional black holes and black hole uniqueness theorems. 
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Introduction: In this paper we identify a new property 
of black holes called angular tension that provides a use- 
ful tool for mapping the complicated spaces of higher di- 
mensional black hole solutions. Angular tension is closely 
related to the well known linear tension [lU^ of Kaluza- 
Klein black holes, which helps characterize black holes in 
spacetimes with compact dimensions [3| • Both quantities 
enter the first law of black hole mechanics through work 
terms. Linear tension gives the variation in the black 
hole mass due to a change in the length of a compact 
dimension @, |3i Si i while angular tension determines the 
change in mass when the range of an angular coordinate 
is varied. Moreover both quantities are ADM charges 
of the black hole, defined via the same construction used 
to obtain the black hole mass and angular momentum. 

While stationary, vacuum black holes in D — 4 are 
uniquely characterized by their mass and angular mo- 
mentum, the spaces of higher dimensional solutions have 
much richer structures (see e.g. fMld^). First there 
are more rotational degrees of freedom, with a total of 
[{D — l)/2] independent angular momenta, where [x] de- 
notes the integer part of x and all D dimensions are 
assumed to be non-compact More radically the 



event horizon, which must have spherical topology in 
Z? = 4 is less constrained in higher dimensions. In 
D = 5 for example, black ring solutions with toroidal 
horizons ^J3\ are known, as well as spherical black holes 
[ll.] . Moreover, multiple solutions exist having the same 
mass and angular momenta, and hence these quantities 
no longer uniquely characterize a black hole. We will see 
that angular tension removes at least part of this degen- 
eracy. 

We further expect that angular tension will be useful 
in distinguishing solutions that have different amounts 
of rotational symmetry. All explicitly known stationary 
black hole solutions are symmetric in each independent 
rotational plane. In D = 4 this symmetry follows from 
the black hole rigidity theorem 1^. However, the theo- 
rem in higher dimensions IJ] continues to guarantee only 
a single rotational symmetry and solutions with smaller 
amounts of symmetry are conjectured to exist ^15J. In the 
Kaluza-Klein case, phase diagrams plotting linear tension 
against black hole mass [3] have been used to map out 



the transitions between branches of solutions that are 
translationally invariant in the compact direction (uni- 
form black string and Kaluza-Klein bubble) and those 
that break this symmetry (non-uniform black strings and 
localized black holes) . Angular tension should play a sim- 
ilar role for charting branches that are uniform and those 
that are non-uniform in the azimuthal directions. 

One can begin by looking at the angular tension of 
static black holes. We single out one of the azimuthal 
coordinates designated as (j) and allow its range to vary 
in proportion to a parameter k, so that < (j) < 27rfc. 
Based on the exphcit solutions (see e.g. reference [nj) 
one can write an equation of state for the black hole that 
expresses its mass in terms of its horizon area A and k 
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where is the area of the unit n-sphere. Defining the 
angular tension 7^ to be the variation of the mass with 
respect to the range of the angular coordinate (p, with the 
horizon area held fixed, we find that for a static black hole 
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This result is analogous to the linear tension of a uniform 
black string, which is given by M/{D — 2)L where L is 
the length of the compact direction and D is the total 
number of noncompact dimensions. We next see that 7^ 
arises as an ADM charge. 

ADM charges: The ADM prescription for defining a 
conserved charge in general relativity involves choosing 
a hypersurface E and also a symmetry or Killing vector 
[l6|. Different choices lead to different charges. Start- 
ing with a background spacetime for which the symmetry 
is exact, one considers perturbations that may preserve 
the symmetry only in an asymptotic limit (see references 
[E [13, [3] for more detailed accounts). In this section 
we consider perturbations off Minkowski generated by a 
stress-energy source Tab. Using the Einstein constraint 
equations on E one can construct a Gauss' law type rela- 
tion DaB" = 167re^"Ta''n6 for a certain vector field B° 
constructed from the metric perturbation and the Killing 
vector. Here Ua is the normal to E and e = ria'n"' = ±1. 
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The ADM charge Q may then be written equivalently as 
a surface integral or a volume integral 

Q = -(l/167r) / dacB^^-e [ dvCTam (3) 

Working with a flat background spacetime, the ADM 
mass is obtained by taking a constant time hypersur- 
face and the time translation Killing vector. It is then 
equal to the volume integral of the energy density Ttf 
In a Kaluza-Klein spacetime with compact spatial coor- 
dinate z, the linear tension [1,-^3] is similarly obtained by 
taking a hypersurface of constant z and the background 
z-translation Killing vector, and is equal to minus the 
integral of pressure in the z-direction Tzz- 

Angular tension 7^ is the ADM charge associated with 
a hypersurface of constant azimuthal coordinate cj) to- 
gether with the rotational Killing vector (d/dcj))'^ and is 
equal to minus the integral of the pressure in the 0- 
direction T^^. It is this minus sign that justifies the 
terminology 'tension', rather than 'pressure'. With this 
choice of E the expressions in ([3]) include integration over 
the time direction. However, if we restrict our interest 
to stationary spacetimes, then this integral will be trivial 
and may be supressed. The quantity 7^ is then strictly 
speaking a tension per unit time. 

We are interested in the boundary integral expres- 
sion for Tcf, that follows from ([3]). In addition to the 
usual boundary at infinity a constant (j) hypersurface 
has a boundary at the rotational axis, which is really 
a (Z) — 3)-dimensional plane. There will generally be a 
nontrivial contribution to 7^ from the integral at this 
boundary. The angular tension can then be written as 
% = r^°° +r;"^ where r; = -{l/Wn) J^^ da^B^. 
This may appear to be a drawback. However, where 
uniqueness theorems for higher dimensional stationary 
black holes have been proved [3] , additional data on ro- 
tational axes is required to fully specify a solution. It may 
be possible to recast this data in the framework of ADM 
charges using angular tension and its generalizations. 

We start with the contribution from infinity. To fur- 
ther simplify matters we assume that angular momenta 
in the other planes of rotation vanish and accordingly 
take the fall-off conditions on the metric at large radius 
to be 

ds^ ~ (-1 + ^)df' + 2^ sin2 0dtd^ (4) 

+{1 + --^)dr^ +r^{d9^ +sm^ edc})'^ + co&^ 9 dn\,_^) 

where Cf, Cr, ctct> are constants. The (j) coordinate is as- 
sumed to have the range Q < 4) < 27rfc. The ADM mass 
and angular momentum are given by Af = k^lD-2{D — 
2)cj./167r and J = —knD-2Ctip/S>n. One finds that the 
contribution to the angular tension from the boundary 
at infinity is given by 

= ((^ - 2)ct -{D- 3)cr) (5) 



Since Ct = Cr for asymptotically flat vacuum solutions, 
one has 7;^^°° = -M/{D - 2)27rfc. Note that this resuh 
is actually minus the angular tension of a static black 
hole as given in ([2]). The difference represents the axis 
contribution. 

To compute 70^^'* we need to specify the behavior of 
the metric near this axis. This is determined by requir- 
ing that the metric gab be regular at the axis when the 
parameter fc = 1. A value k ^ 1 indicates the presence 
of a conical singularity in the rotational plane. Including 
this singularity is the price to be paid for allowing the 
angular range to vary. At the end we will set k = 1. The 
relevant terms in the metric near the axis aX 9 — Q are 
then given by 

ds" ~5u(r,/)di2+g„(r,y'=)dr2 (6) 
+r^{d9^ + k^9^d(l)^ + -fij{r, y^)dfdy^) 

where and 7ij(?', y*^) are coordinates and metric on 
the not necessarily round [D — 4)-sphere. In this section 
all components in ([6|) are assumed to be perturbatively 
close to the fiat metric. Computing the boundary vector 
component B^ in this near axis limit yields the result 

rr^^-^l drdy'^r^-'Vlh. (7) 

J axis 

Here h is the trace of the metric perturbation and is 
proportional to the perturbation to the intrinsic volume 
element on the axis. The contribution in ([5]) has 
the usual form for an ADM charge, i.e. an expression 
in terms of falloff coefficients in the far field. However, 
the axis contribution T^^'^^ in ([7]) necessarily involves the 
metric in the interior of the spacetime. 

We can get insight into 7^°^*^ by considering a spherical 
star. Outside the star the metric is Schwarzchild and 
the quantity ft, in ([7]) vanishes. The quantity T^^^'^ then 
receives contributions only from the portion of the axis 
interior to the star and can be shown to be proportional 
to the integrated Newtonian potential. Gauss' law ([3]) 
then says that this interior contribution plus give 
the integral of the pressure of the the star. 

Black hole and the first law: The first law con- 
struction also makes use of the Gauss' law relation pre- 
sented above, but now applied to a stationary black hole 
background, with a constant time hypersurface E and 
the horizon generating Killing vector = {d/dt)°' + 
yijd/dctiY where J7 is the horizon angular velocity (see 
[E [3 [Hi for detailed accounts). Now we take Tab — 0, 
but the black hole horizon introduces an interior compo- 
nent of dYi. For 5k — 0, the Gauss' law relation yields 
the usual first law 6M = kSA/8tt + ftSJ, with the term 
kSA coming from the horizon and the terms proportional 
to variations in the mass and angular momentum coming 
from infinity. 

Now consider the new terms that arise when the pa- 
rameter k specifying the range of is varied. This per- 
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turbation will be singular on the azimuthal axis. So as 
above we expect a contribution coming from a bound- 
ary surrounding the axis, as well as contributions coming 
from infinity and the black hole horizon. We can sum- 
marize the computation by writing Ih -\- laxis + ^oo — 0, 
where the /* = — (l/167r) dacB'^ are integrals on the 
different components of the boundary of S. The bound- 
ary integral on the horizon is straightforward, continuing 
to be given by Ih = —kSA/Stt but SA now includes a 
contribution proportional to Sk. 

The boundary integral at infinity can be written as 
loo = Ioc\sk=Q + I'oo^ where /oo|5fe=o = {5M - Q.5J)\sk=o 
and is proportional to 5k. Because M and J are given 
by integrals over the sphere, they are each proportional 
to fc, so that 5M ~ 5M\sk^Q -I- M6k/k and likewise for 
SJ. It follows that I^^SM- nSJ - {M - nj)f + 1'^. 
A computation using the asymptotic metric (|4]) yields 
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{[{D-2)ct + Cr]+^nct^)5k + I[ 



div 



(8) 



where 7*^ is a divergent term reflecting the infinite 
change in mass of the conical singularity on the azimuthal 
axis under the variation 6k. This term arises even in the 
absence of a black hole and will cancel against a simi- 
lar divergence in laxis- It can be re-expressed as an axis 
integral = - ^ J dr dy^ r^"" y^. 

The final task is to compute the boundary term laxis 
on the portion of azimuthal axis outside the black hole 
horizon. Using the near axis form of the metric given in 
([6]) one finds that the axis integral is given by 

laxis = ^ / dr dy*' r°~^y/-9tt9rrl (9) 

^ J axis 



The quantity laxis by itself is divergent, but the combi- 
nation laxis + is easily seen to be finite. 

Assembling our results above for Ih, loo and laxis gives 
the first law including variations in the angular range 

K() A 6k 

6M = + nSJ + (27rfc % + nj) — (10) 

Stt k 

where 27rfc7^ = 2TrkT^ + {laxrs + I^'')/Sk. The contri- 
bution to the angular tension from infinity matches that 
found in the ADM construction ([5]), while the axis con- 
tribution requires knowledge of the black hole metric in 
the interior of the spacetime. The ilJ6k/k term in ^TU\\ 
mirrors a contribution to the linear tension for boosted 
black strings (20| . 

Smarr relations: A simple formula for the angular ten- 
sion, which makes computation of laxis in © unneces- 
sary, can be found from a combination of Smarr rela- 
tions. The usual Smarr formula for stationary black holes 
(D - 3)M = (D - 2)(KA/87r + ft J) follows as the condi- 
tion for the first law to hold under an overall variation in 
length scale. Because the parameter k is dimensionless, 
the new 5k terms in (|10l) do not affect this result. 



A second, independent relation follows from a varia- 
tion that is solely Sk. Because the mass, horizon areas 
and angular momentum all depend linearly on k, one has 
5M/M = SA/A = SJ/J = 6k/k. For the first law to hold 
under a variation Sk, a stationary black hole black hole 
must therefore satisfy 
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(11) 



Using the first Smarr formula to eliminate the horizon 
area, one arrives at the general result for the angular 
tension 
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(12) 



We have checked this formula via direct computation of 
laxis for Myers-Perry black holes. We also find agreement 
with the static case ([2|) when J = 0. Of course ([TT|) and 
([T2l) hold for fc = 1, the case of primary interest. 

Phase diagram: Stationary black holes in D = 5 are 
not uniquely characterized by M and J. For fixed M, 
spherical black holes coexist over a range of J with two 
neutral black ring solutions (T^]. Dipole black rings [2lj 
add a continuous degree of non- uniqueness, while black 
Saturn (22l | and other multi-horizon spacetimes provide 
non-uniqueness over the whole range of angular momen- 
tum. To what extent does adding angular tension as a 
new coordinate of the phase diagram distinguish between 
these different configurations? In figure ([1]) we plot re- 
sults for spherical Myers-Perry black holes, neutral black 
rings, and dipole black rings. Inclusion of multi-horizon 
spacetimes, especially those having unequal horizon an- 
gular velocities, will require further analysis. We define 
a dimensionless 'reduced' angular tension variable and 
a reduced angular momentum j according to 



t4. = 6nT4,/M, 



277rjV32Af3 



(13) 



Spherical black holes: Singly spinning Myers-Perry black 
holes fll| in Z? = 5 have a finite range of angular momen- 
tum, < < 1, with = 1 giving a naked singularity. 
One finds that = 1 — 2p and therefore this branch is 
a straight line in figure ([T|) which plots versus p . 

Neutral black ring: There is a one parameter family of 
balanced neutral black rings, having horizon topology 
S"^ X [H, indexed by < < 1. The reduced angu- 
lar momentum (1 -f v)'^ /Sv and tension ~ —v, 
are plotted in red in figure ([l}. Focusing on the range 
27/32 < p < 1, we see that the spherical black hole 
and black rings having the same angular momentum are 
distinguished by their angular tension. 
In the ultra-spinning regime j — ^ ex 



23|, the radius 



of the black ring becomes large and the ring is locally 
well-approximated by a boosted straight black string [2J| 
with vanishing linear tension 25] . Figure ([1]) shows that 
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FIG. 1: Phase diagram for singly spinning D — 5 black 
holes with reduced angular tension plotted against the 
square of the reduced spin for black holes (blue), 
neutral black rings (red) and dipole black rings (green) 
for n = 0.1, 0.3, 0.5, 0.7 and 0.9. 



the angular tension matches the linear tension in this 
ultraspinning limit. For smaller black rings the angular 
tension becomes increasingly negative, corresponding to 
a positive outward pressure needed to balance the mutual 
gravitational attraction of ring segments. We have also 
checked that the angular tension (fT2|) vanishes for the 
the approximate higher dimensional, ultra-spinning black 
ring solutions given in 26 1. 

Dipole black rings: Black rings carrying a dipole charge 
Q 2l| yield a continuous family of solutions having the 



same angular momentum over the range 27/32 < < 
oo. The dipole field contributes a ^5Q term to the first 
law [i^l leading to the modified Smarr formula 2M — 
3(|^ + flJ) + <^Q [21| where $ is a certain potential 
difference between the horizon and infinity. The 3-form 
field sourcing the dipole charges has not been considered 
above. However, because Q is obtained by integrating 
over an S'^ surrounding the ring and not over the 
whose range is being varied, we expect that the analysis 
would be unchanged. Retracing the steps using Smarr 
relations then gives 27r70 — \ [M + $(5) — 17 J. 

The family of balanced dipole rings includes a charge 
parameter with range < /i < 1, where = gives 
the neutral black ring (the dilation coupling has been set 
to 1). The green lines in figure (HJ show results for a 
range of ^ values, where the reduced tension ([T^ has 
been generalized to = 6TrT^/{M + ^Q). Each line has 



a maximum value [2l|. We see that introducing the 
angular tension indeed removes the infinitive degeneracy 
of the dipole rings, with dipole rings filling a region of 
the plane extending downward from the neutral black 
ring line. For fixed j, becomes increasingly negative 
as fj, increases in order to balance the additional mutual 



attraction of different portions of the ring from the 3-form 
charge |21j]. 

Discussion: Including angular tension as a new coordi- 
nate in the phase diagram for singly spinning D — 5 black 
holes resolves the degeneracy between solutions having 
the same value of j. We envision a number of possible 
stages of generalization for this analysis. First, it will be 
interesting to include multiply spinning black holes, in- 
cluding angular tensions in each of the independent rota- 
tional planes. Adding mixing (and variations in mixing) 
between the angular directions would further lead to an 
angular tension matrix in analogy with the linear tension 
matrix in Kaluza-Klein theory with multiple compact di- 
rections [i^l • It should also be possible to unify the linear 
and angular tensions in a single formalism for stationary 
Kaluza-Klein black holes, with mixing between the angu- 
lar and compact directions corresponding to background 
Kaluza-Klein magnetic fields [isl l29|. 

Unlike other ADM charges, angular tension depends on 
the metric in the interior of the spacetime at rotational 
axes. The rod structure, or more generally the domain 
structure, of higher dimensional stationary black holes 
30l 31 1, which provide key elements in the classification 
of higher dimensional black holes [l^ , and are similarly 
based on data at such surfaces. It will be interesting to 
see whether the rod/domain structure can be restated in 
the language of ADM charges by making use of angular 
tension and its generalizations. 
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